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ABSTRACT 

The f i r s t  order  per turbed  wave func t ion  of helium i s  w r i t t e n  

as a sum of terms due t o  va r ious  e l e c t r o n  e x c i t a t i o n s .  The p o r t i o n  

of t h e  f i r s t  order wave func t ion  due t o  one-e lec t ron  e x c i t a t i o n s  

has  been determined by s e v e r a l  i n v e s t i g a t o r s .  The p o r t i o n  due t o  

two-electron e x c i t a t i o n s  wi th  one of t h e  e l e c t r o n s  e x c i t e d  t o  t h e  

2s o r b i t a l  i s  determined e x a c t l y  by so lv ing  a d i f f e r e n t i a l  equat ion  

and eva lua t ing  an  i n t e g r a l .  The con t r ibu t ions  of t hese  func t ions  

t o  t h e  second order  energy a r e  computed and found t o  be i n  exac t  

agreement wi th  the  ene rg ie s  determined by d i r e c t  summation of t he  

s p e c t r a l  expansion. 
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. I .  

DIRECT CALCULATION OF CONTRIBUTIONS TO THE 

SECOND ORDER ENERGY OF IELIUM. 

1. In t roduc t ion  

I n  r e c e n t  years  t he re  have been many a t tempts  t o  so lve  funda- 

mental  quantum mechanical problems by a p p l i c a t i o n s  of p e r t u r b a t i o n  

theory.  For many one-electron problems e x p l i c i t  s o l u t i o n s  of t he  

p e r t u r b a t i o n  equat ions  have been obtained. However, such e x p l i c i t  

s o l u t i o n s  are impossible when t h e  p e r t u r b a t i o n  involves  the  two- 

p a r t i c l e  e l e c t r o n  r e p u l s i o n  p o t e n t i a l  I& . To overcome t h i s  

d i f f i c u l t y  a pe r tu rba t ion -va r i a t ion  method has been used ex tens ive ly .  1 

However, i t  i s  sometimes p o s s i b l e  t o  o b t a i n  d i f f e r e n t i a l  equat ions ,  

f o r  c e r t a i n  w e l l  def ined p a r t s  of the per turbed  wave func t ion ,  which 

can be solved e x p l i c i t l y .  

A s  an example, w e  consider  the ground s t a t e  energy of t he  helium 

atom. 

and t h e  second order  energy a r e  separated i n t o  c o n t r i b u t i o n s  due t o  

Trea t ing  I/$% a s  a pe r tu rba t ion ,  the  f i r s t  order  wave func t ion  

va r ious  e l e c t r o n i c  e x c i t a t i o n s .  The c o n t r i b u t i o n s  due t o  one-e lec t ron  

e x c i t a t i o n s  have been c a l c u l a t e d  by s e v e r a l  i n v e s t i g a t o r s .  We 

c a l c u l a t e  the c o n t r i b u t i o n  due t o  two-electron e x c i t a t i o n s  w i t h  one 

1. For example see the  review a r t i c l e  by J. 0. H i r sch fe lde r ,  
W .  Byers Brown and S. T. Epstzin,  i n  "Advances i n  Quantum 
Chemistry" ( ed i t ed  by P .  0. Lowdin, Academic Press, New York, 
1964) ,p .  225 e t  seq.  

- - - - -  

2 .  (a) M. Cohen and A. Dalgarno, R o c .  Phys. SOC. 77, 165 (1961). 
(b) J. Linderberg,  Phys. Rev., 121, 816 (1961). 
(c) C.  S .  Sharma, Proc. Phys. SOC. 80, 839 (1962). 
(d)  C .  S. Sharma and C.  A .  Coulson, Proc.  Phys. SOC.,  80, 81 (1962) .  
( e )  M. Cohen, Proc.  Phys. SOC. 82, 778  (1963). 
( f )  D.  Layzer, Z. Horak, M. N .  Lewis and D. P. Thompson, 

Ann. Phys; 29, In1 (1964). 
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of the  e l e c t r o n s  exc i t ed  t o  the  2s o r b i t a l .  The r e s u l t s  are i n  

complete agreement w i t h  the  va lues  Scherr  

summation of the s p e c t r a l  expansion of t h e  second order  energy. 

3 
obtained by d i r e c t  

2. Theory 

The Hamiltonian f o r  a two-electron atom i s  taken t o  be 

2 
where the  u n i t s  of length  and energy a r e  &,/zand e / a , r e s p e c t i v e l y .  

This  Hamiltonian can be separa ted  i n t o  H/2' = H e  where 

and 

I v =  -c 

T r e a t i n g  v as  a p e r t u r b a t i o n  and t ak ing  as the  z e r o t h  order  

wave func t ion  

( 3 )  

w e  o b t a i n  a s e r i e s  i n  powers of 1/2 f o r  t h e  ground s t a t e  energy 

3. C.  W. Scherr ,  J. Chem. Phys. 33, 317 (1960). 
- - - - -  I 

. 
f 

V 

1 



3 

of the  two-electron atom, 

i 3 
(5 

The f i r s t  order  Rayleigh-SchrGdinger c o r r e c t i o n  t o  the  z e r o t h  

order  wave func t ion ,  y'", due t o  the  p e r t u r b a t i o n  v , can be 

expanded i n  t h e  e igenfunct ions  of H e  1 

In Eq.  (6)  t h e  s u b s c r i p t s  j and k denote the  hydrogenic o r b i t a l s ,  

i . e .  j , k  = Is, 2s ,  2p ..., 

where N j a  i s  the  appropr i a t e  normalizat ion f a c t o r ,  and 

The primed sigma i n  E q .  (6) i nd ica t e s  t h a t  t he  term wi th  j = k = 1s 

i s  excluded from the  expansion and t h a t  each p a i r ,  j and k , i s  

counted only  once. 

The double sum i n  Eq.  (6)  can be w r i t t e n  as 
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(9)  
( 2 3  

Here Y,s r e p r e s e n t s  the Cont r ibu t ion  o f  one-e lec t ron  e x c i t a t i o n s  t o  

the  f i r s t  order wave func t ion ,  k!!s’ t h e  c o n t r i b u t i o n  of two-electron 

+ y,, + * e *  

( ‘1  ’ 
(8 = 9: + Y,, 

e x c i t a t i o n s  with one e l e c t r o n  i n  the  2s o r b i t a l ,  and so on. 

The second order  c o r r e c t i o n  t o  t h e  ze ro th  order  energy, 

due t o  the  pe r tu rba t ion  v , i s  given by 

Therefore ,  t o  c a l c u l a t e  the  c o n t r i b u t i o n s  t o  the  second order  energy 

from va r ious  e l e c t r o n i c  e x c i t a t i o n s  i t  i s  only necessary  t o  f i n d  

e x p l i c i t  expressions fo r  

i l l u s t r a t e d  i n  the  next  two s e c t i o n s  of t h i s  paper,  by an  ex tens ion  

of a method which Schwartz4 used t o  c a l c u l a t e  t he  f i r s t  order  

. This  can be done, as w i l l  be 

c o r r e c t i o n  t o  t he  one-e lec t ron  d e n s i t y  of t he  helium atom. 

( 4 )  tal 
3. Calcula t ion  of 9 1 s  and € I S  

A per tu rba t ion  t rea tment  of the  Hartree-Fock approximation of 

t he  ground s t a t e  energy of helium has been c a r r i e d  out  by s e v e r a l  

and 
2 i n v e s t i g a t o r s  . It i s  w e l l  kpown t h a t  - - - - -  

4. C .  Schwartz, Ann. Phys. 2, 156 (1959). See a l s o  G. G. H a l l ,  L. L. 
Jones and D.  Rees, R o c .  Roy. SOC. 283, 194 (1965). 

f 
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The f i r s t  o rder  wave funct ion,  !fl', s a t i s f i e s  t he  d i f f e r e n t i a l  

equat ion  

I f  we r e q u i r e  the  t o t a l  wave funct ion t o  be r e a l  and normalized 

through f i r s t  o rder ,  then Y ' I ' a l s o  s a t i s f i e s  the o r thogona l i ty  

cond i t ion  

< yo; y"'> = 0 . 

Equations (9)  and (11) give 

Mul t ip ly ing  by ui,(2) and i n t e g r a t i n g  over t he  conf igu ra t ion  space of 

e l e c t r o n  2, Eq. (13) g ives  

where 

and 



D f i n i n g  

It can be shown from Eqs. ( 9 ) ,  (14) and ( 1 7 )  t h a t  

0 1 
Therefore  t o  obta in  an e x p l i c i t  express ion  fo r  

t o  so lve  Eq. (18). 

ys i t  i s  necessary  

Equation (18) is e a s i l y  i n t e g r a t e d  by quadra ture ,  and t h e  

4 
so l i t t i on  s a t i s f y i n g  the  o r thogona l i ty  cond i t ion  Eq. (12)  i s  

where 'If i s  Eu le r ' s  cons t an t .  
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I 

From Eq.  (10) t h e  c o n t r i b u t i o n  of one-electron e x c i t a t i o n  t o  

the  second order energy i s  

The second order  energy has been evaluated by t h e  p e r t u r b a t i o n -  

5 C'=l 
v a r i a t i o n  method : - -0 . '57L6L4.  An expansion of t h e  f i r s t  

order  wave func t ion  i n  Legendre funct ions,  { ( W q , )  , leads t o  

a n  expansion of the  second order  energy, ("= ET. The q u a n t i t y  
x 

E':' i s  customari ly  r e f e r r e d  t o  as  t h e  r a d i a l  l i m i t  of E'=, and 
(a) 

has  the  value f:'=-0.i15331qg. Therefore gives  70.4 per c e n t  

C 
of 88 ,6  per  c e n t  of e,, . , 

4. C a l c u l a t i o n  of Y as (" and e;; 
Mult ip ly ing  Eq. (13) by lt$ and i n t e g r a t i n g  over t h e  

c o n f i g u r a t i o n  space of e l e c t r o n  2 gives 

Defining 

Eq. (22) y i e l d s  

5. C. W. Scherr  and R. E .  Knight, Rev. Mod. Phys. 35_, 4% (1963). 
- - - - -  

See also E. L Hyl leraas  and J. Midtdal, Phys. Rev. 103, 
829 (1956); 109, 1013 (1958). 

See a l s o  C.  Schwartz, Phys. Rev. -> 126 1015 (1962). 
6. C. W. Scherr  and R.  E. Knight, J. Chem. Phys. 40, 1 7 7 7  (1964). 
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( 2 4 )  

Mult ip ly ing  Eq. ( 2 4 )  by and i n t e g r a t i n g  over t he  conf igu ra t ion  

space of  e l e c t r o n  1 y i e l d s  the  cond i t ion  

From Eqs. ( 9 )  and (23)  i t  can be shown t h a t  

2 E l S  -2G, 
While Eq. ( 2 4 )  cannot be i n t e g r a t e d  e a s i l y  by quadra ture  ( see  

appendix), a s o l u t i o n  con ta in ing  an i n f i n i t e  ser,ies can e a s i l y  

be obtained and may be w r i t t e n  as 

where 

A, = ? A ,  

. 

I 



. 
and 

Substituting Eq. (27) into Eq. (25) yields 

. 

This equation can be rearranged to give 

where 

6. = I 

6,: 3 

6, = i 

i 

c c, = 0 

- I4 

and 6, and 

J tY3 c,,, satisfy the recursion relation Eq. (31). . The 

9 
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This  i s  i n  agreement wi th  the value obtained by Scher r .  3,7 It g ives  

( I )  
2 . 7  per cen t  of E'u and 3 . 4  per  c e n t  of €2' . The sum of €1, 

12) 
and gives  7 3 . 1  per cen t  of t he  second order  energy and 9 2 . 0  

per cent  of the r a d i a l  l i m i t .  This  r e s u l t  i n d i c a t e s  t h a t  t he  

s e r i e s  expansion of t h e  second order  energy converges slowly. 

The method used i n  t h i s  r e p o r t  can be extended t o  o ther  terms 

i n  the  expansion of t he  f i r s t  order  wave func t ion  and the  second 

order energy. However, t he  d i f f e r e n t i a l  equat ions  involved i n  the  

t reatment  become p rogres s ive ly  more d i f f i c u l t  t o  so lve .  
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7 .  This  r e s u l t  may a l s o  be obtained from E q s .  (4 . lb )  and ( 4 . 9 )  
of r e f .  2 ( 9 .  
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Appendix 

Equation (24)  can be w r i t t e n  as 

where h 
t h i s  equat ion  can be obtained as a quadra ture  involv ing  s o l u t i o n s  

of t he  homogeneous equat ion .  

the  fol lowing t ransformat ion  

i s  the  one-electron Hamiltonian. A genera l  s o l u t i o n  of 

This  i s  most e a s i l y  done by making 

and 

Equat ion ( A . l )  now becomes 

d x" ' dx 

where 



1 2  

The homogeneous equation 

N 

is the confluent hypergeometric differential equation with the 

solutions: 8 

and 

- - - - -  
8. See for example; Lucy J. Slater, "Handbook of Mathematical 

Functions". (edited by M. Abramowitz and Irene A. Stegun, 
National Bureau of Standards, Washington, 19641, Ch. 13. 
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gamma funct ion .  

These s o l u t i o n s  have the  fol lowing assvmptot ic  behavior :  

Mca,p,x) I +Gx P x - , o  

The gene ra l  s o l u t i o n  of Eq. ( A . 4 )  can then  be w r i t t e n  as 

where c, and c z  are a r b i t r a r y  cons tan ts  than can be chosen t o  

s a t i s f y  the  boundary condi t ions .  However, the  i n t e g r a l s  i n  Eq. (A.9)  

g ive  r i se  t o  double i n f i n i t e  sums i n  t h e  s o l u t i o n  of t h e  inhomogeneous 

equa t ion .  Therefore ,  we have obtained a power s e r i e s  s o l u t i o n  f o r  Eq. (24). 


